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Abstract. Binary mixtures of electrons with protons and of electrons with photons subjected to
external electromagnetic fields are analyzed by using the Anderson and Witting model equation.
The relativistic laws of Ohm and Fourier are determined as well as general expressions for the
electrical and thermal conductivities for relativistic ionized gas mixtures. Explicit expressions for
the transport coefficients are given for the particular cases: a non-relativistic mixture of protons and
non-degenerate electrons; an ultra-relativistic mixture of photons and non-degenerate electrons; a
non-relativistic mixture of protons and completely degenerate electrons; an ultra-relativistic mixture
of photons and completely degenerate electrons and a mixture of non-relativistic protons and ultra-
relativistic completely degenerate electrons.
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INTRODUCTION
The analysis of non-relativistic and relativistic ionized gases by using the Boltzmann
equation is a very difficult subject, since it refers to a system of coupled nonlinear
integro-differential equations for the distribution functions. Simpler model equations
for the collision term have been proposed in the literature in order to overcome the diffi-
culties of the Boltzmann integro-differential equation. The model equations simplify the
structure of the collision term but maintain its basic properties. For the non-relativistic
Boltzmann equation the most widely known model is the BGK model which was for-
mulated independently by Bhatnagar, Gross and Krook [1] and Welander [2]. The first
extention of the non-relativistic BGK model to the relativistic case was proposed by
Marle [3]. Although the non-relativistic limiting case of the Marle’s model recovers the
non-relativistic BGK model, in the case of particles with zero rest mass the relaxation
time of the distribution function tends to infinity. This shortcoming was found by An-
derson and Witting [4] who proposed a new model equation.
In this work we follow [5] and analyze binary mixtures of electrons and protons
and of electrons and photons subjected to external electromagnetic fields within the
framework of Anderson and Witting model equation. These two systems are important in
astrophysics since they could describe magnetic white dwarfs or cosmological fluids in
the plasma period and in the radiation dominated period. By using the Chapman-Enskog
methodology we determine Ohm and Fourier laws in the presence of electromagnetic
fields and general expressions for the electrical and thermal conductivities for relativistic
non-degenerated and degenerate binary mixtures of electrons with protons and electrons
with photons. Furthermore, explicit expressions for these coefficients are given for
the particular mixtures: (a) a non-relativistic mixture of protons and non-degenerate
electrons; (b) an ultra-relativistic mixture of photons and non-degenerate electrons; (c)
a non-relativistic mixture of protons and completely degenerate electrons; (d) an ultra-
relativistic mixture of photons and completely degenerate electrons and (e) a mixture of
non-relativistic protons and ultra-relativistic completely degenerate electrons.
RELATIVISTIC UEHLING-UHLENBECK EQUATION
Let us first consider a single relativistic quantum ideal gas in a Minkowski space charac-
terized by metric tensor ηαβ with signature diag(1,-1,-1,-1). In the phase space spanned
by the space-time coordinates (xα) = (ct,xα) and momentum four-vector (pα) = (p0,p)
the state of the relativistic quantum gas is characterized by the one-particle distribution
function f (xα , pα)≡ f (x,p, t), since the length of the momentum four-vector is given by
mc so that p0 =
√
|p|2 +m2c2. The number of particles at time t in the volume element
d3x about x and with momenta in the range d3 p about p is given by f (x,p, t)d3xd3 p.
The space-time evolution of the one-particle distribution function f (x,p, t)≡ f in the
phase space is given by the Boltzmann equation (see e.g. [6, 7])
pα
∂ f
∂xα +m
∂ f Kα
∂ pα =Q, (1)
where m denotes the rest mass of the particle and Kα is the Minkowski force which
acts on the particles of the gas. Furthermore, Q is a term which takes into account
the collisions of the particles. For a relativistic gas which obeys the classical statistical
mechanics it is given by
Q=
∫ ( f ′∗ f ′− f∗ f ) F σ dΩd3p∗p∗0 . (2)
In the above equation we have introduced the abbreviations f ′∗ ≡ f (x,p′∗, t), f ′ ≡f (x,p′, t), f∗ ≡ f (x,p∗, t), f ≡ f (x,p, t), where p and p∗ denote the momenta of two
particles before a binary collision and p′ and p′∗ are the corresponding momenta after col-
lision. The pre and post collisional momentum four-vectors are connected by the energy-
momentum conservation law pα + pα∗ = p′α + p′α∗ . Furthermore, F =
√
(pα∗ pα)2−m4c4
is the invariant flux, which in the non-relativistic limiting case is proportional to the mod-
ulus of the relative velocity. The differential cross-section and the element of solid angle
that characterize the binary collision are denoted by σ and dΩ, respectively.
The collision term Q for a gas whose particles obey quantum statistics may be
motivated as follows. First we note that the volume element in the phase space d3xd3 p
is a scalar invariant, but when quantum effects are taken into account in a semi-classical
description, we divide the volume element by h3, where h = 6.626× 10−34 J s is the
Planck constant. Hence we write d3xd3 p/h3, which is also a scalar invariant. The term
d3xd3 p/h3 may be interpreted as the number of available states in the volume element
d3xd3 p. For particles with spin s there are more states, corresponding to the values that
the spin component on a given axis can take and we have to introduce the degeneracy
factor gs. Hence the number of available states is given by
gs
d3xd3 p
h3
where gs =
{
2s+1 for m 6= 0;
2s for m = 0. (3)
In quantum mechanics a system of identical particles may be described by two kinds
of particles: bosons and fermions. Bosons have integral spin, obey the Bose-Einstein
statistics and include mesons (pion, kaon), photons, gluons and nuclei of even mass
number like helium-4. Fermions have half-integral spin, obey the Fermi-Dirac statistics
and include leptons (electron, muon, tau), baryons (neutron, proton) and nuclei of
odd mass number like helium-3. The main difference between bosons and fermions in
quantum statistical mechanics refers to the occupation number of a state. Any number
of boson particles may occupy the same state, while fermion particles obey the Pauli
exclusion principle and at most one particle may occupy each state.
In order to incorporate the statistics of bosons and fermions into the collision term, we
begin to analyze fermions and note that due the Pauli exclusion principle, the phase space
is completely occupied if the number of the particles in d3xd3 p is equal to the number of
available states f d3xd3 p = gsd3xd3 p/h3, so that f = gs/h3. Hence, (1− f h3/gs) gives
the number of vacant states in the phase space. If the number of particles that enter
the volume element d3xd3 p in phase space, as a consequence of a binary collision, is
proportional to f ′ f ′∗ this quantity must be multiplied by the number of vacant states
which is proportional to (1− f h3/gs)(1− f∗h3/gs). Hence the following substitution in
the collision term of the Boltzmann equation must be consider:
f ′ f ′∗ 7−→ f ′ f ′∗
(
1− f h
3
gs
)(
1− f∗h
3
gs
)
. (4)
On the basis of the same reasoning we have to substitute
f f∗ 7−→ f f∗
(
1− f
′h3
gs
)(
1− f
′
∗h3
gs
)
, (5)
for the particles that leave the volume element d3xd3 p in phase space.
To include the apparent attraction between the boson particles – due to the statistics of
indistinguishable particles with no restrictions on the occupation of a state – the factor
(1− f h3/gs) must be replaced by (1+ f h3/gs) . Hence we can write from the Boltzmann
equation (1) and from the above conclusions the relativistic Uehling-Uhlenbeck equation
(for the non-relativistic Uehling-Uhlenbeck equation see [8])
pα
∂ f
∂xα +m
∂ f Kα
∂ pα =
∫ [
f ′∗ f ′
(
1+ ε f h
3
gs
)(
1+ ε f∗h
3
gs
)
− f∗ f
(
1+ ε f
′h3
gs
)(
1+ ε f
′
∗h3
gs
)]
F σ dΩd
3p∗
p∗0
, (6)
where ε is defined through
ε =


+1 for Bose-Einstein statistics;
−1 for Fermi-Dirac statistics;
0 for Maxwell-Boltzmann statistics.
(7)
At equilibrium the number of particles that enter and leave the volume element in the
phase space must be equal to each other, so that the quantity within the brackets in (6)
must vanish. Equivalently, ln
[
f (0)/(1+ ε f (0)h3/gs)
]
must be a summational invariant
– i.e., a function that obeys the relationship ψ +ψ∗ = ψ ′+ψ ′∗ – where f (0) denotes the
equilibrium distribution function. For summational invariants there exists the following
theorem (see e.g. [7]): A continuous and differentiable function of class C2 ψ(pα) is a
summational invariant if and only if it is given by ψ(pα) = A+Bα pα , where A is an
arbitrary scalar and Bα an arbitrary four-vector that do not depend on pα . Hence we
have
ln
(
f (0)
1+ ε f (0)h3/gs
)
=−(A+Bα pα), or f (0) = gs/h
3
e−a+B
α pα − ε , (8)
where a =−A− ln(gs/h3).
For the determination of a and Bα we refer to [7]. Here we give only the results that
a = µ/kT and Bα =Uα/kT , where µ is the chemical potential, T the temperature, k the
Boltzmann constant, and Uα the four-velocity (with UαUα = c2). Hence, the equilibrium
distribution function reads
f (0) = gs
h3
e
µ
kT −
Uα pα
kT , f (0) = gs/h
3
e−
µ
kT +
Uα pα
kT ±1
, (9)
when ε = 0 and ε = ∓1, respectively. The relativistic Maxwell-Boltzmann distribution
function (9)1 was obtained by Jüttner [9] in 1911 and the relativistic Fermi-Dirac (+)
and Bose-Einstein (−) distribution function (9)1 was deduced by him [10] in 1928.
The extension of the Uehling-Uhlenbeck equation to a mixture of r constituents is
straightforward. We introduce an one-particle distribution function for each constituent
of the mixture fa ≡ f (x,pa, t) (a = 1, . . . ,r) which must satisfy the equation
pαa
∂ fa
∂xα +
qa
c
Fαβ paβ
∂ fa
∂ pαa
=
r
∑
b=1
∫ [
f ′b f ′a
(
1+ εa
fah3
gas
)(
1+ εb
fbh3
gbs
)
− fb fa
(
1+ εa
f ′ah3
gas
)(
1+ εb
f ′bh3
gbs
)]
Fba σab dΩba
d3pb
pb0
. (10)
Above it was supposed that the external force that acts on the particles of electric charge
qa is of electromagnetic nature. In this case the Minkowski force reads
Kαa =
qa
c
Fαβ
paβ
ma
, (11)
where Fαβ is the electromagnetic field tensor.
Now we introduce the moments of the distribution function, which are the partial
particle four-flow Nαa and the partial energy-momentum tensor T
αβ
a . They are defined
through:
Nαa = c
∫
pαa fa
d3 pa
pa0
, T αβa = c
∫
pαa p
β
a fa
d3pa
pa0
. (12)
The corresponding quantities for the mixture read
Nα =
r
∑
a=1
Nαa , T αβ =
r
∑
a=1
T αβa . (13)
In the analysis of ionized gases it is also important to introduce the electric charge
four-vector Jα , which is defined in terms of the partial particle four-flows Nαa and of the
partial electric charges qa as
Jα =
r
∑
a=1
qaNαa . (14)
The balance equations for the particle four-flow and of the energy-momentum tensor
of the mixture are obtained by multiplying (10) by c and cpαa , respectively, and by
summing the resulting equations, yielding
∂αNα = 0, ∂β T αβ =
1
c
Fαβ
r
∑
a=1
qaNaβ =
1
c
Fαβ Jβ . (15)
Equation (15)1 is the conservation law for the particle four-flow of the mixture. Equation
(15)2 when compared with the balance equation for the energy-momentum tensor of the
electromagnetic field T αβem has an opposite sign on its right-hand side. However, if we
denote the energy-momentum tensor of (15)2 by an index pt – that refers to the particles
– we get the conservation law (see Landau and Lifshitz [11]):
∂α(T αβpt +T αβem ) = 0, (16)
which means that the sum of the energy-momentum tensors of the particles and of the
electromagnetic field satisfies a conservation equation.
LANDAU-LIFSHITZ DECOMPOSITION
The decomposition of the partial particle four-flow and of the partial energy-momentum
tensor proceeds by introducing the four-velocity Uα and the projector ∆αβ defined by
∆αβ = ηαβ − 1
c2
UαUβ , such that ∆αβUβ = 0. (17)
In the Landau-Lifshitz description [12] the partial particle four-flow and the partial
energy-momentum tensor may be decomposed according to
Nαa = naUα + Jαa −
naqα
nh
, (18)
T αβa = p
〈αβ 〉
a − (pa +ϖa)∆αβ + 1
c2
Uα
(
qβa +haJβa −
naha
nh
qβ
)
+
1
c2
Uβ
(
qαa +haJαa −
naha
nh q
α
)
+
eana
c2
UαUβ . (19)
Above we have introduced the following quantities for the constituent a in the mixture:
particle number density na, diffusion flux Jαa , pressure deviator p
〈αβ 〉
a , pressure pa, non-
equilibrium pressure ϖa, heat flux qαa , energy per particle eα and enthalpy per particle
ha = ea + pa/na. The corresponding quantities for the mixture are given by the sums
n =
r
∑
a=1
na, p〈αβ 〉 =
r
∑
a=1
p〈αβ 〉a , p =
r
∑
a=1
pa, ϖ =
r
∑
a=1
ϖa, (20)
ne =
r
∑
a=1
naea, qα =
r
∑
a=1
(qαa +haJαa ), nh =
r
∑
a=1
naha. (21)
The sum of (18) and (19) over all constituents of the mixture lead to the following
decompositions of the particle four-flow and energy-momentum tensor of the mixture
Nα = nUα − q
α
h
, T αβ = p〈αβ 〉− (p+ϖ)∆αβ + en
c2
UαUβ , (22)
thanks to the constraint that there exist only (r− 1) partial diffusion fluxes that are
linearly independent for a mixture of r constituents, namely,
r
∑
a=1
Jαa = 0. (23)
We may also define the electric current four-vector Iα in terms of the partial diffusion
fluxes Jαa and of the partial electric charges qa as
Iα =
r
∑
a=1
qaJαa . (24)
We refer to the works of de Groot and Suttorp [13] and of van Erkelens and van
Leeuwen [14] and decompose the electromagnetic field tensor Fαβ into one part which
is parallel to the four-velocity Uα and another which is perpendicular to it, i.e.
Fαβ = 1
c2
(
FαγUγUβ −FβγUγUα
)
+∆αγ Fγδ ∆
β
δ . (25)
Furthermore, by introducing the tensors Eα and Bαβ defined by
Eα =
1
c
FαβUβ , Bαβ =−∆αγ Fγδ ∆βδ , (26)
we may write the electromagnetic field tensor as
Fαβ = 1
c
(
EαUβ −EβUα
)
−Bαβ . (27)
If we consider a local Lorentz rest frame where (Uα) = (c,0), equations (26) imply
that
(Eα) = (0,E), B0α = Bα0 = 0, Bi j =−cε i jkBk, (28)
and we can identify Eα with the electric field E and Bαβ with the magnetic flux induction
B.
Due to the fact that Fαβ is an antisymmetric tensor FαβUαUβ = 0, it follows from
(26) and (27) the relationships
EαUα = 0, BαβUβ = 0, and Bαβ =−Bβα . (29)
CHAPMAN-ENSKOG METHOD
Since we are interested to derive the laws of Fourier and Ohm for a binary mixture of
electrons and protons and of electrons and photons, we have to made some simplifica-
tions of our model, which are enumerated below:
1. the electric current four-vector (24) for a binary mixture of electrons (a = e) and
protons (a = p) may be written as
Iα =−2eJαe , (30)
since the relationship between the diffusion fluxes reads Jαe = −Jαp and the elec-
tric charges are given by qe = −e, qp = e, with e denoting the elementary charge.
Furthermore, we shall analyze the so-called Lorentzian plasma [15] where the col-
lisions between the electrons may be neglected in comparison with the collisions
between the electrons and protons. A Lorentzian plasma must fulfill the condition
that the mass of one constituent is much larger than the mass of the other con-
stituent. Here we have that mp/me ≈ 1836, where me and mp denote the electron
and proton masses, respectively. Moreover, we shall assume a locally neutral sys-
tem where qene +qpnp = 0, which implies that ne = np;
2. the electric current four-vector (24) for a binary mixture of electrons (a = e) and
photons (a = γ), reduces to
Iα =−eJαe , (31)
due to the fact that the electric charge of the photons is zero (qγ = 0). Further-
more, the collisions between electrons can also be neglected in comparison to the
collisions between electrons and photons, which is the Compton scattering;
3. the partial heat fluxes of the protons and of the photons are negligible in comparison
with the partial heat flux of the electrons so that we can write from (21)2 that the
heat flux of the mixture reduces to
qα = qαe +(he−hb)Jαe , with b = p,γ. (32)
For simplicity we shall adopt the Anderson and Witting model equation [4] for the
electrons instead of using the relativistic Uehling-Uhlenbeck equation (10). Hence, by
taking into account the above considerations we write the space-time evolution of the
distribution function for the electrons as
pαe
∂ fe
∂xα −
e
c
Fαβ peβ
∂ fe
∂ pαe
=−U
α peα
c2τeb
( fe− f (0)e ), (33)
where τeb with b = p or b = γ is the mean free time between collisions of electrons-
protons or electrons-photons, respectively. In the above equation f (0)e is the equilibrium
distribution function of the electrons which reads
f (0)e = 2h3
1
exp
(
− µekT + U
α peα
kT
)
+1
, (34)
by considering that the electrons obey the Fermi-Dirac statistics. Above, T denotes the
temperature of the mixture, µe the chemical potential of the electrons and the factor 2
refers to the degeneracy factor of the electrons.
Once we know the equilibrium distribution function of the electrons we may calculate
the values of the fields at equilibrium: particle number density ne, energy density neee
and pressure pe defined by
ne =
1
c2
UαNαe =
1
c2
Uα c
∫
pαe f (0)e
d3pe
pe0
, (35)
neee =
1
c2
UαUβ T αβe =
1
c2
UαUβ c
∫
pαe p
β
e f (0)e
d3pe
pe0
, (36)
pe =−13∆αβ T
αβ
e =−
1
3
∆αβ c
∫
pαe p
β
e f (0)e
d3 pe
pe0
. (37)
The calculation proceeds as follows: we consider a local Lorentz rest system where
Uα = (c,0) so that the particle number density of the electrons (35) reduces to
ne =
∫ 2
h3
1
exp
(− µekT + cpe0kT )+1 |pe|
2 sinψdχdψd|pe|, (38)
where we have introduced the spherical coordinates 0 ≤ ψ ≤ pi , 0 ≤ χ ≤ 2pi and
0 ≤ |pe| <∞. Now we change the integration variable by introducing a new variable
ϑ defined through
|pe|= mecsinhϑ , so that cpe0kT = ζe coshϑ , (39)
where ζe = mec2/kT is the ratio between the electron rest energy mec2 and the thermal
energy of the gas kT . When ζe ≫ 1 the electron behaves as a non-relativistic gas, while
when ζe ≪ 1 it behaves as an ultra-relativistic gas. The change of variables and the
integration of (38) in the angles χ and ψ leads to
ne = 8pi
(mec
h
)3∫ ∞
0
sinh2 ϑ coshϑdϑ
exp(−µ⋆e +ζe coshϑ)+1 =
8pi
h3 (mec)
3J21(ζe,µ⋆e ). (40)
In the above equation we have introduced the electron chemical potential µ⋆e = µe/kT
in units of kT and the integral Jnm(ζe,µ⋆e ) defined by
Jnm(ζe,µ⋆e ) =
∫ ∞
0
sinhn ϑ coshm ϑdϑ
exp(−µ⋆e +ζe coshϑ)+1 . (41)
Following the same methodology we get that
neee =
8pi
h3 m
4
ec
5J22(ζe,µ⋆e ), pe = 8pih3 m
4
ec
5J40(ζe,µ⋆e ). (42)
Now we shall determine from (33) the non-equilibrium distribution function for the
electrons by adopting the Chapman-Enskog methodology. For that purpose we search
for a solution of the form
fe = f (0)e +φe, (43)
where the deviation from the equilibrium distribution function is considered to be a small
quantity, i.e., |φe| ≪ 1. If we insert (43) into the Boltzmann equation (33) we get
pαe
∂ f (0)e
∂xα −
e
c
Fαβ peβ
∂ f (0)e
∂ pαe
− e
c
Fαβ peβ
∂φe
∂ pαe
=−U
α peα
c2τeb
φe, (44)
where we have not taken into account the term ∂φe/∂xα , since it is not our aim in
deriving constitutive equations which are functions of second-order derivatives (Burnett
equations). The above equation can be written as
−2
h3
exp
(
− µekT + U
α peα
kT
)
[
exp
(
− µekT + U
α peα
kT
)
+1
]2
{
1
c2
(pαe Uα)
[
D
( µe
kT
)
+
pβe Uβ
kT 2 DT
]
+
pβe Uβ
kT 2 peα
[
∇αT − T
c2
DUα
]
− ekT peα
[
Eα − kT
e
∇α
( µe
kT
)]
− peα peβkT ∇
αUβ
}
=
U γ peγ
c2τeb
[
1+
mec
Uδ peδ
(ωeτeb
B
)
Bαβ peβ
∂
∂ pαe
]
φe, (45)
where we have not considered the term Eα∂φe/∂ pαe , since it refers also to a second-
order term. Furthermore, we have introduced in the above equation the electron cy-
clotron frequency ωe = eB/me – where B is the modulus of the magnetic flux induction
– and the differential operators D≡Uα∂α and ∇α ≡ ∆αβ ∂β .
In this work we are interested in the derivation of the laws of Fourier and Ohm, so
that we can restrict ourselves to the thermodynamic forces that are four-vectors, namely
∇αT ≡
[
∇αT − T
c2
DUα
]
and Eα ≡
[
Eα − kT
e
∇α
( µe
kT
)]
, (46)
the first being a combination of a temperature gradient and an acceleration, while
the second refers to a combination of an external electric field and a gradient of the
chemical potential of the electrons. Hence, we obtain from (45) that the deviation from
the distribution function may be written as
φe = Aα
{
pβe Uβ
kT 2 ∇
αT − ekT E
α
}
. (47)
Up to terms in (ωeτeb/B)2 the four-vector Aα is given by
Aα =
−2
h3
exp
(
− µekT + U
α peα
kT
)
[
exp
(
− µekT + U
α peα
kT
)
+1
]2 c2τebU γ peγ
[
ηαβ − mec
Uδ peδ
(ωeτeb
B
)
Bαβ
+
(
mec
Uδ peδ
)2(ωeτeb
B
)2
Bαγ Bγβ
]
peβ . (48)
Equation (47) together with (48) represent the deviation of the distribution function
of the electrons as a function of thermodynamic forces that are four-vectors. We shall
use the distribution function (43) in the following section in order to determine the laws
of Ohm and Fourier.
OHM AND FOURIER LAWS
The determination of the diffusion flux Jαe and the heat flux qαe of the electrons proceeds
by noting that (12), (18) and (19) lead to
hb
h J
α
e −
ne
nhq
α
e = ∆αβ Nβe = ∆αβ
∫
cpβe fe
d3 pe
pe0
, (49)
hbhe
h
Jαe +
nbhb
nh
qαe = ∆αβ UγT βγe = ∆αβ Uγ
∫
cpβe pγe fe
d3 pe
pe0
. (50)
The insertion of the distribution function of the electrons (43) together with (47) and
(48) into (49) and (50) and integration of the resulting equations, implies a system of
equations for Jαe and qαe which is used to determine the heat flux of the mixture (32)
and the electric current four-vector (30) or (31). From this system of equations it follows
Fourier and Ohm laws
qα = Λαβ∇βT +ϒαβEβ , Iα = σ αβEβ +Ωαβ∇βT , (51)
respectively. Above Λαβ is a tensor associated with the thermal conductivity, σ αβ is
the electrical conductivity tensor, while the tensors ϒαβ and Ωαβ are related with cross
effects. We may represent the general expressions for the above mentioned tensors as
{Λαβ ,ϒαβ ,σ αβ ,Ωαβ} = {a1,b1,c1,d1}ηαβ +{a2,b2,c2,d2}Bαβ
+ {a3,b3,c3,d3}BαγBβγ , (52)
where the scalar coefficients a1 through d3 are given below:
1. Coefficients associated with Λαβ
a1 =
8pim5ec9τebh
3h3hbkT 2
(
J •41−
hb
mec2
J •40
)
, (53)
a2 =
8pim5ec9τebh
3h3hbkT 2
(
J •40−
hb
mec2
J •4−1
)(ωeτeb
cB
)
, (54)
a3 =
8pim5ec9τebh
3h3hbkT 2
(
J •4−1−
hb
mec2
J •4−2
)(ωeτeb
cB
)2
. (55)
2. Coefficients associated with ϒαβ
b1 = −8pim
4
ec
7τebhe
3h3hbkT
(
J •40−
hb
mec2
J •4−1
)
, (56)
b2 = −8pim
4
ec
7τebhe
3h3hbkT
(
J •4−1−
hb
mec2
J •4−2
)(ωeτeb
cB
)
, (57)
b3 = −8pim
4
ec
7τebhe
3h3hbkT
(
J •4−2−
hb
mec2
J •4−3
)(ωeτeb
cB
)2
. (58)
3. Coefficients associated with σ αβ
c1 =
8pim4ec7τebne(Z+1)e2
3h3nhbkT
(
J •40 +
nbhb
nemec2
J •4−1
)
, (59)
c2 =
8pim4ec7τebne(Z+1)e2
3h3nhbkT
(
J •4−1 +
nbhb
nemec2
J •4−2
)(ωeτeb
cB
)
, (60)
c3 =
8pim4ec7τebne(Z+1)e2
3h3nhbkT
(
J •4−2 +
nbhb
nemec2
J •4−3
)(ωeτeb
cB
)2
. (61)
4. Coefficients associated with Ωαβ
d1 = −8pim
5
ec
9τebne(Z+1)e
3h3nhbkT 2
(
J •41 +
nbhb
nemec2
J •40
)
, (62)
d2 = −8pim
5
ec
9τebne(Z+1)e
3h3nhbkT 2
(
J •40 +
nbhb
nemec2
J •4−1
)(ωeτeb
cB
)
, (63)
d3 = −8pim
5
ec
9τebne(Z+1)e
3h3nhbkT 2
(
J •4−1+
nbhb
nemec2
J •4−2
)(ωeτeb
cB
)2
. (64)
In the above equations J •nm represents the partial derivative of (41) with respect to the
chemical potential of the electrons µ⋆e = µe/(kT ) in units of kT . Furthermore, we have
introduced the abbreviation ζe = mec2/(kT ) which refers to the ratio between the rest
energy of the electrons mec2 and the thermal energy of the mixture kT . We note that
in all above equations one has to consider Z = 1 for binary mixtures of electrons and
protons and Z = 0 for binary mixtures of electrons and photons.
The thermal conductivity tensor λ αβ is obtained by eliminating Eα from (51)1
through the use of (51)2 by assuming that there is no electric current. Hence, we get
a relationship between Eα and∇αT from (51)2 which may be used to write Fourier law
as
qα = λ αβ∇βT , where λ αβ = e1ηαβ + e2Bαβ + e3BαγBβγ . (65)
Up to terms in [ωeτeb/(cB)]2 the scalar coefficients e1 through e3 read
e1 =
a1c1−b1d1
c1
, e2 =
a2c
2
1−b1(c1d2− c2d1)−b2c1d1
c21
, (66)
e3 =
a3c
3
1−b1[d1(c22− c1c3)− c1c2d2]− c21(b1d3 +b3d1)− c1b2(c1d2− c2d1)
c31
. (67)
In order to get a better physical interpretation of the components of the tensors, it is
usual in the theory of ionized gases to decompose the thermodynamic forces ∇αT and
Eα into parts parallel, perpendicular and transverse to the magnetic flux induction. To
achieve this goal we follow van Erkelens and van Leeuwen [14] and introduce the dual
˜Bαβ of the magnetic flux induction tensor Bαβ defined by
˜Bαβ = 1
2
εαβγδ Bγδ . (68)
One may easy verify from (68) and (28) that in a local Lorentz rest frame the only
non-zero components of ˜Bαβ are ˜B0i = cBi since ˜Bi j = 0 and ˜B00 = 0.
The desired decomposition of the thermodynamic forces into parallel ∇α‖ T , Eα‖ ;
perpendicular∇α⊥T , Eα⊥ and transverse∇αt T , Eαt parts read
Fα‖ =
1(1
2Bγδ Bγδ
) ˜Bαβ ˜BβγF γ , Fα⊥ = −1(1
2Bγδ Bγδ
)Bαβ BβγF γ , (69)
Fαt =
1(1
2Bγδ Bγδ
) 1
2
BαβFβ , (70)
where Fα is an abbreviation for Eα or∇αT . In a local Lorentz rest frame (69) and (70)
reduce to
F0‖ = F0⊥ = F0t = 0, F‖ =
1
B2
(B ·F)B, (71)
F⊥ = 1B2 [(B ·F)B− (B ·B)F ], F t =
1
B
(F ×B), (72)
thanks to the relationship
√
Bγδ Bγδ/2 = c
√
B ·B = cB. From the above equations it is
easy to verify that F‖ is parallel to the magnetic flux induction B, F⊥ perpendicular to
it while F t is perpendicular to both F‖ and F⊥.
Now by using the following relationship
(cB)2ηαβ = ˜Bαγ ˜B βγ −Bαγ B βγ , (73)
the Fourier and Ohm laws can be rewritten in terms of Fα‖ , Fα⊥ and Fαt . In fact, if we
substitute (73) into the Ohm’s law (51)2 and Fourier’s law (65)1 and make use of the
definitions (69) and (70), it follows that the electric current four-vector and the heat flux
can be written, without the cross-effects terms, as
Iα = σ‖Eα‖ +σ⊥Eα⊥+σtEαt , qα = λ‖∇α‖ T +λ⊥∇α⊥T +λt∇αt T , (74)
respectively. In the above equations the scalars are called the parallel, perpendicular and
transverse components of the tensors, and their expressions are given by{
σ‖ = c1, σ⊥ = c1− c3(cB)2, σt = c2(cB),
λ‖ = e1, λ⊥ = e1− e3(cB)2, λt = e2(cB). (75)
From the above formulas we shall obtain the parallel, perpendicular and transverse
components of the electrical and thermal conductivities for binary mixtures of electrons
and protons and of electrons and photons.
ELECTRICAL AND THERMAL CONDUCTIVITIES
Non-degenerate electrons
Here we shall analyze two important cases, namely: a non-relativistic mixture of
protons and non-degenerate electrons and an ultra-relativistic mixture of photons and
non-degenerate electrons. We note that the chemical potential of the electrons in the
non-degenerate case must fulfill the condition that e−µ⋆e ≫ 1.
1. A non-relativistic mixture of electrons and protons is identified by two conditions
mp/me ≫ 1 and ζe = mec2/(kT )≫ 1. In this case the transport coefficients read
σ‖ =
e2τepne
me
(
1− 5
2ζe
)
, σt =
e2τepne(ωeτep)
me
(
1− 5ζe
)
, (76)
σ⊥ =
e2τepne
me
[(
1− 5
2ζe
)
− (ωeτep)2
(
1− 15
2ζe
)]
, (77)
λ‖ =
5k2T τepnen
2menp
(
1− 3ζe
)
, λt =
5k2T τepnen(ωeτep)
2menp
(
1− 15
2ζe
)
, (78)
λ⊥ =
5k2T τepnen
2menp
[(
1− 3ζe
)
− (ωeτep)2
(
1− 12ζe
)]
. (79)
The first relativistic corrections to the transport coefficients are related to the term
1/ζe and if fix our attention to the leading terms without the relativistic corrections,
the electrical conductivities can be written from (76) and (77) as:
σ‖ =
e2τepne
me
, σt = σ‖(ωeτep), σ⊥ ≈
σ‖
1+(ωeτep)2
, (80)
since we have considered ωeτep ≪ 1. The expressions for the electrical conduc-
tivities (80) are well-known in the theory of non-degenerate and non-relativistic
ionized gases (see, for example, Cap [16]) and show their dependence on the mag-
netic flux induction B through the electron cyclotron frequency ωe. Furthermore,
the thermal conductivities (78) and (79) without the relativistic corrections become
λ‖ =
5k2T τepnen
2menp
, λt = λ‖(ωeτep), λ⊥ ≈
λ‖
1+(ωeτep)2
. (81)
Note that the expression for the parallel thermal conductivity is well-known in the
theory of non-relativistic gases which follow from a BGK model equation.
2. An ultra-relativistic mixture of photons and non-degenerate electrons is character-
ized by the condition ζe = mec2/(kT )≪ 1. Here the transport coefficients reduce
to
σ‖ = σ⊥ =
e2c2τeγne(3ne+4nγ)
12nkT , σt =
e2c2τeγne(ne+2nγ)(ωeτeγ)ζe
12nkT , (82)
λ‖ = λ⊥ =
4kc2τeγnen
3ne +4nγ
, λt =
8kc2τeγnen2(ωeτeγ)ζe
(3ne+4nγ)2
. (83)
We infer from these equations that the parallel and perpendicular electrical and
thermal conductivities coincide, while the transverse electrical and thermal con-
ductivities are small quantities since they are proportional to ζe.
Completely degenerate electrons
All thermal conductivities vanish in the limit of completely degenerate electrons, since
this behavior is connected with the well-known result from statistical mechanics that the
heat capacity of a completely degenerate gas vanishes. For the electrical conductivities
there exist three important cases to be analyzed which are: a non-relativistic mixture
of protons and completely degenerate electrons; an ultra-relativistic mixture of pho-
tons and completely degenerate electrons and a mixture of non-relativistic protons and
ultra-relativistic completely degenerate electrons. We proceed to analyze the electrical
conductivities for these cases.
1. A non-relativistic mixture of protons and completely degenerate electrons is iden-
tified by ζe ≫ 1 and pF ≪ mec, where pF denotes the Fermi momentum of the
electrons. Here we have
σ‖ =
8pie2τepp3F
3meh3
(
1− p
2
F
2m2ec2
)
, σt =
8pie2τepp3F(ωeτep)
3meh3
(
1− p
2
F
m2ec
2
)
, (84)
σ⊥ =
8pie2τepp3F
3meh3
[(
1− p
2
F
2m2ec2
)
− (ωeτep)2
(
1− 3p
2
F
2m2ec2
)]
. (85)
Let us fix our attention to the leading terms of the electrical conductivities
σ‖ =
8pie2τepp3F
3meh3
, σt = σ‖(ωeτep), σ⊥ ≈
σ‖
1+(ωeτep)2
, (86)
since the term pF/(mec2) is a small quantity and the condition ωeτep ≪ 1 holds.
These equations show the dependence of the electrical conductivities on the mag-
netic flux induction B through the electron cyclotron frequency ωe.
2. An ultra-relativistic mixture of photons and completely degenerate electrons is
characterized by the conditions ζe ≪ 1 and pF ≫ mec, and the electrical conduc-
tivities for this case read
σ‖ = σ⊥ =
8pie2τeγc2nep3F
12nkT h3
(
1+
4kT nγ
necpF
)
, (87)
σt =
8pie2τeγneζec(ωeτeγ)p2F
12nh3
(
1+
4kT nγ
necpF
)
. (88)
We infer from the above equations that the parallel and perpendicular electrical
conductivities are equal to each other, while the transverse electrical conductivity
is a small quantity since it is proportional to ζe.
3. A mixture of non-relativistic protons and ultra-relativistic completely degenerate
electrons is also an important case since it could describe a white dwarf star. Here
the conditions mp/me ≫ 1 and pF ≫ mec hold and the electrical conductivities
become
σ‖ = σ⊥ =
8pie2τepcp2F
3h3
(
1− m
2
ec
2
2p2F
)
, σt =
8pie2τepζekT (ωeτep)pF
3h3 , (89)
showing that the parallel and perpendicular conductivities coincide and that the
transverse conductivity is a small quantity, since it is proportional to ζe ≪ 1.
APPENDIX: INTEGRALS J •nm
1. Non-degenerate case
In this case e−µ⋆e ≫ 1 so that the integrals Jnm reduce to
Jnm(ζe,µ⋆e ) =
∫ ∞
0
e−ζe coshϑ+µ⋆e sinhn ϑ coshm ϑdϑ , (90)
and the integrals J •nm(ζe,µ⋆e ) ≡ J•nm can be expressed in terms of the modified
Bessel functions of the second kind Kn(ζe)≡Kn and of their integrals Kin(ζe)≡Kin
(see Abramowitz and Stegun [17] pages 376 and 483) as follows:
J •41 =
eµ
⋆
e
2ζe (K4−K2), J
•
40 =
3eµ⋆e
4ζe (K3−K1), J
•
4−1 =
eµ
⋆
e
ζe (K2−Ki2), (91)
J •4−2 =
eµ
⋆
e
ζe (K1 +Ki1−Ki3), J
•
4−3 =
3eµ⋆e
ζe (Ki2−Ki4). (92)
Moreover, the chemical potential of the electrons is given by
eµ
⋆
e =
neh3
8pim2eckT K2
. (93)
2. Completely degenerate case
The integrals Jnm for this case reduce to
Jnm =
∫ ϑF
0
sinhn ϑ coshm ϑdϑ , with ϑF = arcosh
√
1+
(
pF
mec
)2
, (94)
where pF is the Fermi momentum of the electrons. The integrals J •nm read
J •41 =
1
ζe
(
pF
mec
)3√
1+
(
pF
mec
)2
, J •4−1=
(
pF
mec
)3
ζe
√
1+
(
pF
mec
)2 , (95)
J •40 =
1
ζe
(
pF
mec
)3
, J •4−2=
(
pF
mec
)3
ζe
[
1+
(
pF
mec
)2] , J •4−3=
(
pF
mec
)3
ζe
[
1+
(
pF
mec
)2] 32 . (96)
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